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Path-Integral Monte Carlo Scheme for Rigid Tops: Application to the Quantum Rotator
Phase Transition in Solid Methane
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A new quantum propagator for asymmetric tops, exact for free tops, is applied to path-integral
Monte Carlo simulations of quantum rotors. The algorithm does not suffer from the sign problem if
the full density matrix is considered or if the identity representation for the density matrix is chosen.
The method is applied to simulation of crystalline Shivhere the influence of quantum fluctuations
in the lowering of the transition temperature from a plastic phase to an orientational ordered state is
investigated. The possibility of an inverse hysteresis occurring at that transition is predicted and related
to spin-statistical exchange effects. [S0031-9007(96)01147-7]

PACS numbers: 31.15.Kb, 64.70.Kb

A quantum mechanical description of rotational de-tures and odd, e.qg., forortho-H, (even total nuclear spin
grees of freedom (RDF) becomes important at low tem{) and para-H, (odd I). In these cases the free-rotator
peratures where tunneling and ground state fluctuatiorisernels are antisymmetric and thus contain negative con-
play an important role in orientational phase transitiongributions invoking intrinsically the sign problem at low
[1], e.g., solid methane CHundergoes a phase transi- temperatures [12].
tion from a plastic cubic phase to an orientationally or- It is the purpose of this Letter to derive an exact free-
dered phase at the temperatdigCH,) = 20.4 K while  rotator kernel for simulating nonlinear rotators. Using
its deuterated counterpart Gl8hows the same transition group theory, it is shown how to include the spin-
atT (CH;) = 27.4 K[2]. Because of its larger rotational statistical exchange effects of identical particles. We also
constantB,, the ground state of solid CHhas a certain apply our method to the quantum rotator phase transition
fraction of tunneling nonoriented molecules while in thein solid methane.
case of CIQ all molecules are oriented at zero temperature First an accurate expression for the high-temperature
[2—4]. The computational treatment of this and re-density matrixp(w, »'; 8/P) is derived. Herew de-
lated low-temperature phenomena requires a path-integrabtes the Euler angle&p, 6, y) specifying the orien-
scheme for simulating RDF’s. The most general case idation of the rigid body in the space fixed frame and
of course, the treatment of asymmetric-top molecules, foB = 1/kgT. P is the Trotter number. Once an accu-
which all three principle moments of inertd<< I, <  rate expression for the free-rotator kernel is known it is a
I, < I. differ from each other. Much attention has beensimple matter to apply it to PIMC simulations of rotators
given to the development of path-integral methods foiin the presence of an external potential or in multirotator
treating quantum translations [5,6] but not much has beeaystems. For details of the path-integral method in gen-
given to the treatment of RDF’s. eral, see, e.g., Refs. [8,13,14], and for details of the PIMC

Kuharski and Rossky introduced a method for simulat-method we refer to Refs. [5,6,15].
ing rigid asymmetric-top molecules based on the fixed- The density matrix or kernel for the free top can be
axis approximation [7], an approach which is only exactexpressed as
up to orderl/P? with P the Trotter number. Further- . B B .
more, the action is calculated at constant angular velocity. P(w, w ;F> = (o] eXF<—F Trot)lw ) 1)

Hence this approach omits the winding numbers [8] when A . _
applied to rotations in a plane, e.g., by taking the "m_whereTrot is the operator of the rotational kinetic energy.

its I, — 0, I, — I, and thus contains systematic errors If we now transform this equation into the molecule
a ’ c L . .

An approximation-free path-integral Monte Carlo (PIMC) fixed frame of the bra and insert the resolution of the
method for simulating linear molecules has been proposefi€ntity operatorl, where the elgens.tatJ(Ls; [16] of the free
by Marx [9], which, however, suffers from the sign prob- asymmetric top with the elgenenergﬁ% are used, we
lem [10] even at high temperatures and even angula@btain

momental. This is due to the introduction of interme- , B _um\, M)
diate free-rotator eigenstates in order to represent the state plw, 0" B/P) = Z exi(‘FEk >|Ai<1< |

of a molecule at each Trotter slice. For most cases it is JMEKK

possible to circumvate the sign problem in this approach X (OlJMK)(JMK|&'), 2

by summing over all intermediate free-rotator eigenstatesvhere @’ are the Euler angles of the ket in the
[11]. The sign problem then only persists at low temperacoordinate system of the bra. The eigenfunctions
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Vuk(w) = (w | JMK) of the symmetric top (moment the rotational state even without direct coupling between
of inertia I, # I, = I.) can be expressed in terms of nuclear spins and the angular momentum due to the ex-

the elements of the2J + 1)-dimensional irreducible
representationDAQK(¢,0,X) of the rotation operator

exp(—iJ. ¢)exp(—iJ,0) exp(—il, x),

1/2
V(o) = (2 50) " Dio.00. @

change of indistinguishable particles. For given nuclear
spins of the atoms composing the molecule, the symme-
try of the rotational wave functions are predetermined
[1,18]. States belonging to different symmetry classes
or representations cannot be reached from one another
for reasons of nuclear-spin conservation [1]. It is gener-

which themselves can be calculated using the Wigne?‘"y possible to generate symmetrized orientational states

functionsdix (6):

Dk (b.0, x) = expliM ¢)dyx (0) expliK x).  (4)

Furthermore, using’,{M(O) = Sumk, the final equation for
the kernel of the asymmetric top is

plo.0'8/P) = 3 (25t @)

2

IMK 8

~ - JM
x codM($' + gAY

X ex;(—g EE-(JM)> , (5)

where thedy;,;(6) can be calculated with the help of

Wigner's formula. In Eq. (5) the sum ovéf was implic-

w,) = Pﬂlw>, belonging to only one representation, say,
representationu, with the help of a projection operator
P, 18]

. d
p,=-L

8

where we sum over all symmetry operations (rotations)
R. In Eq. (7), D(R) generates the symmetry operation,

X,({L ! denotes the character & in the representatiop,
g is the order of the group, and, the dimension of the
representation.

The symmetrized orientationkv,) now replace the
nonsymmetrizedw) states in Eqg. (1) for the calculation
of the kernelp ,(w, w'; B/P) belonging to representation

> " D®), (7)
R

itly symmetrized, resulting in a real valued function for B

the kernel. This symmetrization of the sum is possible be-

ta)
KM\
does not de-

cause ofdi;, (0) = d’ - 1(6) and because dfA

|A§{f” |. Furthermore, the eigenenerg;%m)

pend on the quantum numbgf.
In order to obtain the coeﬁicients&i{%) and the

eigenenergiesEgM), the following secular equation has

to be solved [16]:
Trot Z A%)‘I’JMK = E;QJM) Z Agg)‘l’ﬂm(- (6)

K K A
The necessary matrix elemeldfd/K'| T, |JMK) to solve
Eq. (6) are given in Ref. [16].

puler, o' 8/P) = wnl e ~E 1 )log). @)

Using Eq. (5) and the projection-operator propertyPaf
pu(w,w'; B/P) can be reexpressed as

pu((v,w’; %) = %’L % Xz(e“)*p<0,6)’(R);§> 9)

with |@'(R)) = D" (w)D(R)|w'). Notice that the compu-
tation of |@'(R)) reduces to simple matrix multiplications

if |w’) is represented by a matrix.
We will now discuss the consequences of symmetriza-

Once the temperature and the Trotter number ar&on of the kernel for methane. This molecule has tetra-

chosen for the system under consideratjofi, w’; 8/P)

hedral symmetry, and, consequently, the rotational wave

depends only on two quantities, namely, the Euler angléunction can be decomposed into states belonging to the

6’ and the sum of the Euler angles’ and %/, where
@' are the Euler angles related &g in the frame of the
molecule with orientatiom. Even thouglp(w, »’; 8/P)

identity representatiom, the representatioff, and the
representatior, which can be further decomposed into

the two complex conjugate representatiafis and E;
might not be accessible analytically, it can be computed18].

The nuclear spinf in the case of Cilis I = 2

numerically to very high precision and then be tabulatedor A-CH,, I = 1 for T-CH,4, andl = 0 for E-CH, [19].

on a fine grid [17]. The sum overis clearly convergent,

In Fig. 1 the kernep4 belonging to representation and

and hence all systematic errors can be kept controllablthe full kernelp, in which no exchange effects are consid-
small. ered, are shown foPT = 64 K. The maxima ofp4 can
Notice that the elements of the high-temperature denbe attributed to symmetry operations, namely, the peaks at
sity matrix for the one-dimensional rotation (rotationd = 7, ¢ + y =0,60 =0, ¢ + y = 7, andf = =,
of a molecule around only one axis) and for the two-¢ + y = 7 to rotations about the twofold symmetry
dimensional rotation (rotation of a linear molecule in threeaxis, and the peaks @& = 7 /4, ¢ + x = 7/2,37/2
dimensions) follow straightforwardly from the kernel for to rotations about the threefold symmetry axis of the;CH
the three-dimensional rotation, Eq. (5). molecules. In the case of tte representation, negative
Up to now, spin statistics have been neglected. Howminima are found fop; at those points attributed to sym-
ever, the spin configuration constrains the symmetry ometry operations about the twofold symmetry axis, and,
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+ xy = 0. N . . . .
$+x=0 FIG. 2. Kinetic energy estimatdf,;, as a function of time in

Monte Carlo sweeps for solid GHat 7 = 16 K with Trotter
numberP = 4.

for pg, negative minima are found at the points attributed

to symmetry operations around the threefold axis. For

fully deuterated methane molecules £he features of and orientational degrees of freedom can therefore be
the kernels are qualitatively the same as for,Cblut the separated to a good approximation. In our simulation,
total nuclear spins are different; e.d.= 0 invokes the the molecules are fixed to their lattice sites, and in
identity representation. While there is a one-to-one relathe following we only concentrate on the rotational

tion of total nuclear spin with the symmetry of the rota- degrees of freedom. The lattice constant is chosen
tional wave function for Ch, this is no longer the case such that it corresponds to the experimentally observed
for CD4 [19]. lattice constant at the transition from a plastic to an

It is worth noting that, for all examples investigated, orientationally ordered phase.
spherical, symmetric, and asymmetric tops, we always For the intermolecular model potential, which has been
find positive valued density matrices for the identity fitted to theab initio data of the CH dimer [21], we chose
representation and for the full density matrix. All otherthe exp-6 potential plus Coulomb-Coulomb interactions.
representations also have negative contributions, whicAt each temperature, runs with different Trotter numbers
intrinsically lead to the well known sign problem in a P were performed such thai4 = PT =< 128 K. The
path-integral simulation [10,12]. The standard methodgjuantum limit is obtained by performing a Trotter scaling
to treat the sign problem must then be applied [9—11]. plot. The particle numbev in the final runs was

Before presenting some details of the simulationschosen to bev = 864. For a given Trotter number, the
we want to point out two advantages of choosing thesystem is cooled down and reheated again. At every
identity representation for the path-integral simulation:temperature2000P Monte Carlo sweeps were used for
(i) Correlation times for many observables, e.g., kineticequilibration and3000P Monte Carlo sweeps were used
energyTyi,, are smaller (see Fig. 2), and (ii) ground statefor observation. These experiments have been repeated
properties can be accessed at relatively high temperaturésur times with different initialization numbers for the
because the energetically low lying excited states areandom number generator.
projected out. Remember that the ground state is fully For the classical system we observe a transitidf at
obtained in the identity representation. 27 K, which is shifted toT, = 16 K for the quantum-

In the application of Egs. (5) and (9) to the quantum-mechanical no-spin treatment (full kernel), see Fig. 3,
rotator phase transition in cubic methane, we want tavhere the potential enerdy, is shown for both systems.
investigate the dependence of the transition temperaturlé the identity representation is chosen, the transition
on the rotational constanB,,, and on the symmetry temperature is furthermore loweredZp = 10 K. In the
of the wave function. In the latter investigation we case of no-spin CHthe transition temperature is close to
concentrate on the nonsymmetrized case and the identithe classical value, namely; = 23 K.
representation. The strong dependence of the transition temperature

It is well known that translation-rotation couplingrg =~ on the symmetry of the rotational states may invoke an
is symmetry forbidden for the investigated transition ininverse hysteresis effect. If the methane solid is cooled
cubic CH, [20]. Consequently, the relative volume jump down at a rate so that spins can equilibrate, we expect
at the order-disorder transition is only about 1% due tahe transition to take place close to the no-spin case at
higher order couplings such d&rr. The translational 7, = 16 K. At temperatures considerably lower th@n
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FIG. 3. Potential energ¥, as a function of temperature for
“classical” and “quantum” CHl

the ground state, which is fully contained in the identity
representation, will dominate, thus the nuclear spiof
each molecule will bg = 2. If the system is reheated
rapidly, the symmetry of the rotational states will remain
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